The constuction of models of non-relativistic quantum elds via current algebra representations is presented using a natural di erential geometry of the con guration space ? of particles, the corresponding classical Dirichlet operator associated with a Poisson measure on ?, being the free Hamiltonian. The case with interactions is also discussed together with its relation to the problem of unitary representations of the di eomorphism group on IR d .
INTRODUCTION
The fundamental concept that quantum theories are described by means of unitary representations of di eomorphism groups has been very well elaborated in the study of certain quantum systems having in nitely many degrees of freedom. We refer to GoMo 1,2] for an excellent explanation of the underlying physical ideas and annotated references. Historically this concept is closely related to the suggestion of physicists to formulate eld theory in terms of local currents instead of canonical eld operators, see e.g. AHKMTT] , DaSh], GoGrPoSh], MeSh] and the references therein.
The nonrelativistic local current algebra and di eomorphism groups appear in this contents, in particular, in the following model situation: Let (1.3) These relations show that the operators J and form an in nite-dimensional Lie algebra, the so-called Lie algebra of currents (local, nonrelativistic) .
Let us describe the group obtained by exponentiating this Lie algebra. To this end denote the group of all di eomorphisms of R d by Di (IR d Due to physical iterpretation, the currents (f) and J(v) (and the group G) can be taken as fundamental structures of quantum mechanics. This point of view was elaborated in early works DaSh], Go 1,2], GoSh 1,2], GrSh]. Later on it was developed in many directions. Between others we would like to mention the following aspects which have been intensively discussed in recent publications and preprints:
Unitary inequivalent representations of G describe the possible, physically distinct quantum mechanical systems.
Such systems include ones di erent from the canonical second-quantized elds from which the current algebra was rst obtained. The same Lie algebra and Lie group are obtained if one starts with fermions. A characterization of particle statistics in terms of representations. The di eomorphism group approach to anyons.
The description of particle spin. We refer to the papers GoMo 1,2], GoSh 3,4], GoMeSh] for related discussions, reviews and more references.
In this paper we further develop the ideas in GoGrPoSh], Me 1,2], MeSh] related to constructing non-relativistic quantum eld models via current algebra representations. The main new ingredient of our approach is the following: in AKR 1-3] we identi ed a natural di erential geometry on con guration spaces such that the corresponding Dirichlet operators (on Poisson spaces) are exactly rigorous implementations of the free Hamiltonians. Also a representation for the current algebra is obtained by the said geometrical structure (cf. Section 2). In this realization interactions can be described as potentials on Poisson space (given by generalized functions). This immediately provides two classical strategies to construct interacting models of non-relativistic quantum eld theory, i.e.the Hamiltonian and Euclidean strategy (in full analogy with scalar relativistic eld models). We discuss both approaches and the relations between them (cf Section 3). In particular, the cut-o Hamiltonian after ground state renormalization becomes again a Dirichlet operator on con guration space but w.r.t. a new probability measure (= vacuum measure).
In order to bypass the di cult problem of removal of the cut-o , in Section 4 we discuss a direct construction of interacting models starting directly from a suitably chosen vacuum measure. The underlying general idea here is related to the well-known canonical eld theory approach which goes back to E. We would like to emphasize explicitly that the contents of this paper is a programme that on the one hand we have realized partially and on the other hand propose as future work. In particular, we hope that our approach will lead to more detailed information in concrete cases of physically interesting interactions (as e.g. concerning spectral properties of Hamiltonians, quasiparticle descriptions, scattering theory etc.).
The results of this paper have been presented in invited talks at various occasions since the beginning of 1997, e.g. at conferences in Rome, Edinburgh, Kiev, Oberwolfach, Crete and seminars in Bielefeld (BiBoS and SFB 6 343), Erlangen, Moscow, Kiev, G ottingen and Bonn.
MODELS OF NON-RELATIVISTIC QFT

FORMAL CONSIDERATIONS
In this subsection (which has essentially a heuristic character) we will express the Hamiltonian of a physical systems in terms of currents. We follow DaSh], Me 1] in our considerations.
The Hamiltonian for a system of non-relativistic Bose particles with twobody interaction potential V is given (heuristically) in terms of canonical eld operators by
(2.2) This Hamiltonian is a sum of the kinetic energy part (2.1) and the potential energy (2.2):
H V = H 0 + H I : We can express the Hamiltonian in terms of currents. Let us introduce K(x) = r (x) + 2iJ(x):
(with and J expressed in terms of ; as indicated in Section 1). Then formally
(2.4) The Hamiltonian H V has, of course, only a heuristic sense. To give a rigorous meaning to this operator we should start with a representation of the canonical eld (or currents). For example, using the Fock space realization of the free Bose eld we can rigorously de ne a bilinear form in this space which corresponds to the formal expression for H V , see e.g. He]. Nevertheless, this form is non-closable in the Fock space for any V 6 = 0. The latter is related to the translation invariance of the interaction term. From the physical point of view this situation is quite typical and a standard equipment for the study of such formal Hamiltonians is given by the renormalization theory, see e.g. He] . This way a renormalized version of the Hamiltonian H V can be analyzed in many details (at least on the theoretical physics level of rigor) including spectral properties, scattering problem etc.
On the other hand, this "canonical approach" cannot be considered as a universal prescription to work with. The point is that the Fock space representation as a starting object is not enough even for a description of the free Bose gas: it is well-known that the Fock space representation describes only the case of the zero density gas. An alternative approach consists in using representations of the nonrelativistic current algebra suitable for describing physical systems which are associated with a given formal Hamiltonian. As a result, we can formulate a system of natural assumptions a resulting theory must satisfy, see Me 1]. The latter can be interpreted as a system of "axioms" for nonrelativistic quantum eld theory.
We assume that there is a representation V ( ); U(f) of the group G (and corresponding representation (f); J(v) of the current algebra) on a (physical) Hilbert space H along with a Hamiltonian H satisfying the following conditions:
(i) There is a normalized ground state of lowest energy. We require H 0. Thus the zero energy is chosen such that 2 H : H = 0 (2.5)
(ii) The set SpanfU(f) jf 2 Dg Dom(H) is dense in H. where is a di eomorphism on the torus and 2 L 2 (V ) N is a symmetric function. Then (in a proper sense) we have in the limit N ! 1; V ! 1 and N=V ! V N;V ! V ; U N;V ! U ;
see GoGrPoSh] for detailed considerations.
To describe currents in the Poisson space we need some facts from analysis and geometry on con guration spaces from AKR 1], AKR 3] to which we refer for the corresponding proofs and details. 
CONSTRUCTIVE APPROACH
Let > 0 be a xed density. We start with the Poisson space representation of the current algebra in the physical Hilbert space L 2 ( ). First of all we describe the free Bose gas.
FREE HAMILTONIAN
The free Hamiltonian H 0 has the following representation in terms of currents, see (2.3):
H 0 = 1 8
As in AKR But we obtain the same by a direct computation with the equilibrium process:
For more details we refer to AKR 3, Section 6].
MODELS WITH INTERACTIONS: Hamiltonian strategy
The interaction H I in terms of currents has the form (see (2. The situation which appears now is very similar to the one in polynomial models of constructive quantum eld theory. In these models free Hamiltonians also can be realized as Dirichlet operators (on Gaussian spaces instead of Poissonian ones) and P(') perturbations (cf. Si] , GlJ], AH-K]) have an interpretation as potentials on Gaussian spaces given by generalized functions (in fact, generalized polynomials), see e.g. BK] for such interpretation and an annotated list of references. Having in the mind the analogy with P(') models, we can propose two closely related constructive approaches to the problem of an operator realization of the formal Hamiltonian H 0 + V.
Below we describe both strategies in a short form.
The singularity of the potential V is, of course, produced by the translation invariance of the kernel V (2) (even in the case of a non-singular V which in not identically zero). Let us take a family of "nice" kernels V (2) " (x; y); ; " > 0;
which approximate V (2) when " ! 0 (in the weak sense). A typical cuto is e.g. V (2) " (x; y) := " (x) as an essentially self-adjoint semibounded operator in L 2 ( ). The latter needs regularity assumptions about V which will be discussed separately, see Section 4 for typical conditions on V . We assume that H V" has a ground state G " corresponding to the eigenvalue E " = inf sp(H V" ): Then G " > 0 -a.s. due to the ergodic property of the heat semigroup AKR 3]. Now we apply to the approximating Hamiltonian the (both in quantum mechanics and constructive eld theory) well-known ground state renormalization, see GlJ], Si] and e.g. BK] (including the bibliographical notes in this book). To this end we introduce the vacuum measure With the vacuum measure " there is associated a canonical Gelfand-Vilenkin type unitary representation of the current group in the space L 2 ( " ) (which can be obtained also from the Poissonian one by using the same unitary isomorphism):
As a result we have for any " > 0 an approximating system in the physical Hilbert space H " = L 2 ( " ) with the energy operator H " 0 and currents
The quantum theory we have obtained satis es all our "axioms" (i)-(iv) except for the translation invariance property (v).
The problem we should solve to complete the program is the following:
how to remove the "cuto " ( i.e., " ! 0)?
The main observation in the "Hamiltonian strategy" discussed, can be formulated as: "all one needs" is the limit vacuum measure, because (at least on a heuristic level) this measure reconstructs in a canonical way the rest of the theory (the Hamiltonian and the currents). This observation is closely related to the canonical elds approach (see the works of H.Araki Ar], F.Coester and R.Haag CoHa], S.Albeverio and R.H egh-Krohn AH-K]). We shall go back to this point of view in Section 4.
MODELS WITH INTERACTIONS: Euclidean strategy
First of all we describe the construction of the Euclidean measure for the renormalized Hamiltonian. Starting with the vacuum measure " and renormalized Hamiltonian H ? " we introduce a Markov semigroup T ? t;" := e ?tH ? " ; t 0; in the physical Hilbert space H " = L 2 ( " ) and corresponding to this semigroup and invariant measure " the renormalized Euclidean measure " on the path space ? C . For any T > 0 we introduce the probability measure
Theorem 3.5 The renormalized Euclidean measure " is the limit as T ! 1 of the measures T " in the sense of the convergence of integrals on bounded cylinder functions.
Coming back to the constructive program we introduce the following twoparameter family of Euclidean measures (with cuto s):
Then the Euclidean version of the renormalization procedure for the heuristic Hamiltonian (2.1) requires a construction of the limit Euclidean measure (T ! 1; " ! 0) and includes a "reconstruction theorem". The renormalized Hamiltonian is then the generator of the Markov semigroup associated with the limit Euclidean measure and the limit vacuum measure is nothig but an invariant measure of the limit process. Of course, all we have discussed is only a general scheme. A rigorous realization of this approach needs the development of corresponding technicques adapted to the problem. In our case this can be, in particular, a version of the cluster expansion method which (as we hope) can be applied at least in the small coupling constant regime. An essential additional technical di culty in the study of the models discussed, is related to the absence of a spectral gap for the free Hamiltonian (due to Corollary 3.1).
Heuristically, the limit Euclidean measure d (X) has the representation: 1 Z exp ?
This representation produces an interesting relation to models of quantum statistical physics. Namely, let us consider a quantum continuous system with two-point interaction given by the potential V . Then the measure is nothing but the Euclidean measure corresponding to the Gibbs state at zero temperature for such a system. We refer to KLRRS] for a general concept of Euclidean mesures in quantum statistical physics. Although it is explicitly stated in GoMo 2] that "the construction of quasi-invariant measure when the con guration spaces are in nite dimensional is an in-general unsolved problem", there seems to be a quite large class of such measures obtainable via the classical Gibbsian approach (see the next subsections). Also the mentioned regularity properties necessary to construct H ? can be proved for such measures (cf. AKR 4]). We shall summarize all this in Subsection 4.2 below.
CANONICAL FIELD MODELS
Suppose that we have already solved all these problems and assume that is translation invariant, i.e., invariant w.r. We will use the following conditions on the interaction which are standard in statistical physics of classical continuous systems. and J m = det r ] is the Jacobian determinant of (with respect to Lebesgue measure).
The Radon-Nikodym derivative depends explicitly on the density (i.e., activity parameter) z > 0 (in contrast to the integration by parts formula). It gives us the possibility to characterize grand canonical Gibbs measures as follows.
We introduce E rel ( ( )j ) := E ( ( )) ? E ( ) = 
